In this paper, some new Lyapunov type inequalities will be presented for Riemann-Liouville fractional differential equations of the form
Introduction
First, we consider the Hill equation Lyapunov inequality is widely used in investigating the qualitative properties such as oscillation and spectral properties for differential equations and difference equations (see [-] for details). In recent years, there have been many literature works concerning the Lyapunov type inequality. On the one hand, some authors study Lyapunov type inequalities of integer-order linear differential equations, nonlinear differential equations or systems of differential equations. For example, Xianhua Tang 
x (t) + v(t)x(t)
=
H(t) = -C(t) A T (t)

A(t) B(t)
is a symplectic matrix-valued function which is locally Lebesgue integrable. They obtained corresponding Lyapunov type inequalities. On the other hand, Lyapunov type inequalities of the fractional differential equations are studied by more and more researchers, see [-] and the references cited therein for details. Recently, Cabrera et al.
[] studied the nonlocal fractional boundary value problem of order α ∈ (, ] 
subject to the Dirichlet (-point) boundary conditions
where p, q, f ∈ C[t  , ∞) and the constants satisfy  < γ <  < μ < . Moreover, the function p, q and the forcing term f have no sign restrictions. They obtained that if
where the constants μ  and γ  are the same as in [, Theorem .].
In this paper, we consider the Riemann-Liouville fractional differential equation with mixed nonlinearities of order
where p, q, f ∈ C[t  , ∞) and the constants satisfy  < γ <  < μ < n (n ≥ ). Equation (.) subjects to the following two kinds of boundary conditions, respectively:
and the boundary conditions
Obviously, it is easy to see that equation (.) has two special forms; one is the forced 'sub-linear' (p(t) = ) fractional equation
and the other is the forced 'super-linear' (q(t) = ) fractional equation
Besides, from boundary conditions (.), it is noted that a < b and a, b are consecutive zeros.
To our best knowledge, there has been no such papers relating to equation (.) with higher order α ∈ (n-, n] (n ≥ ). We will give Lyapunov type inequalities for the fractional differential equations (.), (.) and (.) under the boundary conditions (.) and (.) with the help of the Green's function. The results relating to the boundary conditions (.) and (.) are a new type of Lyapunov type inequalities.
We first give some preliminary results about fractional calculus and some lemmas corresponding to the boundary conditions (.) and (.) in Section . In Section , we provide two lemmas that are essential in the proof of our results. In addition, we state and prove Lyapunov type inequalities for equations (.), (.) and (.) under the boundary conditions (.) or (.), respectively. To make our paper more rigorous, we discuss the case when n (n ≥ ) is a positive even integer and obtain corresponding results. Besides, we give an example about an eigenvalue problem. Finally, Section  is devoted to concluding remarks.
Preliminaries
At first, we give the concept of fractional integral defined on [a, b] . Definition . Let α ≥  and f be a real function defined on [a, b] . The Riemann-Liouville integral of order α is defined by (I  a f )(t) = f (t) and
, where α is a positive constant.
Definition . The Riemann-Liouville fractional derivative of order α ≥  is defined by
and
for α > , where m is the smallest integer greater than or equal to α.
To obtain our results, we introduce the following lemmas.
, where c i ∈ R, i = , , . . . , n, and n = [α] + .
Corresponding to the boundary conditions (.), the following lemmas are essential.
Lemma . ([]) A function x(t) is a solution of the following equation of order
with the boundary conditions (.) if and only if x(t) satisfies the integral equation
is the Green's function of the boundary value problem (.) and (.).
Lemma . ([])
The Green's function (.) satisfies the following properties:
where
where z α is the unique zero of the nonlinear equation z
Similarly, we need the following lemmas corresponding to the boundary conditions (.).
Lemma . A function x(t) is a solution of equation (.) with boundary conditions (.) if and only if x(t) satisfies the integral equation
is the Green's function of the boundary value problem (.) and (.).
Proof By Lemma ., the general solutions to the boundary value problem (.) and (.) in [a, b] can be represented as
By the boundary conditions
we obtain c  = c  = · · · = c n = . Hence
This shows
G(t, s)H(s) ds,
which completes the proof.
Lemma . The Green's function (.) satisfies the following properties:
(i) G(t, s) ≥  for all a ≤ s, t ≤ b; (ii) G(t, s) is non-decreasing about the first variable; (iii)  ≤ G(a, s) ≤ G(t, s) ≤ G(b, s) =  (α) (b -s) α- (s -a), (t, s) ∈ [a, b] × [a, b]. Lemma . ([]) Let ϕ(s) =  (α) (b -s) α- (s -a), s ∈ (a, b). Then max ϕ(s) : a ≤ s ≤ b = ϕ s * * =  (α) (α -) α- b -a α - α- , where s * * = b+(α-)a α- .
Main results
Throughout this section we shall denote u ± = max{±u, }. At the beginning, we introduce the following lemmas.
It is clear that (.) is obvious when z =  or B = . By direct computation, we obtain F (z  ) =  and F (z  ) > . Hence F attains its minimum at z  = (
where the function g n- (x) is a polynomial of degree n -, we obtain x  = (
Thus the proof of the lemma is completed.
Now we show and prove our results relating to the boundary conditions (.).
Theorem . Let x(t) be a positive solution of the boundary value problem
γ -n and z α is the same as in Lemma ..
Proof Set x(t) to be a positive solution of the boundary value problem (.)-(.). From Lemma ., x(t) can be represented as
Then, making use of (.)-(.), we have
Besides, when A = B = , inequality (.) in Lemma . suggests that
Combining these inequalities and inequality (.), we find that the following inequality
holds if and only if
which is the same as (.). The proof of Theorem . is finished.
Remark  From Lemma ., we know that
Hence, the following corollary is obvious.
Corollary . Let x(t) be a positive solution of the boundary value problem
where the constants μ  , γ  and z α are the same as in Theorem ..
The following conclusions are given for equations (.) and (.).
Corollary . Let x(t) be a positive solution of the boundary value problem (.) and (.) in (a, b). Then (i) Hartman type inequality:
(ii) Lyapunov type inequality:
where the constants γ  and z α are the same as in Theorem ..
Corollary . Let x(t) be a positive solution of the boundary value problem (.) and (.) in (a, b). Then (i) Hartman type inequality:
where the constants μ  and z α are the same as in Theorem ..
Next, the results relating to boundary conditions (.) will be introduced and proved.
Theorem . (Hartman type inequality) Let x(t) be a positive solution of equation (.) satisfying the boundary conditions
where μ  and γ  are the same as in Theorem ..
Proof Set x(t) to be a positive solution of equation (.) with (.). From Lemma ., x(t)
can be represented as
Then, making use of (.)-(.), we have
Combining these inequalities and inequality (.), we find that the following inequality
which is the same as (.). Hence the proof of Theorem . is completed.
Remark  From Lemmas . and ., it is easy to see that
Thus, Lyapunov type inequality of the boundary value problem (.) and (.) can be obtained.
Corollary . (Lyapunov type inequality) Let x(t) be a positive solution of the boundary value problem (.) and (.) in (a, b). Then
where the constants μ  and γ  are the same as in Theorem ..
As before, the following conclusions are given for two equations (.) and (.).
Corollary . Let x(t) be a positive solution of the boundary value problem (.)-(.) in (a, b). Then (i) Hartman type inequality:
where the constant γ  is the same as in Theorem ..
Corollary . Let x(t) be a positive solution of the boundary value problem (.) and (.) in (a, b). Then (i) Hartman type inequality:
where the constant μ  is the same as in Theorem ..
When n (n ≥ ) is a positive even integer, the above theorems are valid for all invariant solutions of equations (.), (.) and (.) under the boundary conditions (.) or (.). Now the results corresponding to the boundary conditions (.) are presented when n (n ≥ ) is a positive even integer.
Theorem . Let x(t) be a negative solution of the boundary value problem
Proof If x(t) is a negative solution of equation (.), then -x(t) is a positive solution of
Then, similar to the proof of Theorem ., we know that if equation (.) has a positive solution, then
where P  and Q  are defined in Theorem ., and
Repeating the same steps as in Theorem ., we know that
holds if and only if the minimum of the function f (x) = (
Hence it is necessary that (
From Theorems . and ., we obtain Theorem . since |f (s)| ≥ max{f
Theorem . Let x(t) be a nontrivial solution of the boundary value problem (.)-(.).
If
Theorem . (Hartman type inequality) Let x(t) be a negative solution of equation (.) satisfying the boundary conditions
Proof Similar to the proof of Theorem ..
Based on Theorems . and ., we get Theorem ..
Theorem . (Hartman type inequality) Let x(t) be a nontrivial solution of the boundary value problem (.) and (.). If x(t)
As before, we obtain Corollary .. 
Based on Corollaries . and ., we get Corollary ..
Corollary . (Lyapunov type inequality) Let x(t) be a nontrivial solution of the boundary value problem (.) and (.). If x(t)
Similarly, equations (.) and (.) also admit the above conclusions.
Corollary . Let x(t) be a nontrivial solution of the boundary value problem
Corollary . Let x(t) be a nontrivial solution of the boundary value problem (.) and (.). If x(t) =  in (a, b), then (i) Hartman type inequality:
where the constant μ  is the same as in Theorem .. 
Concluding remarks
We conclude this paper with the following remarks. The results obtained in this paper for equation (.) under the boundary conditions (.) or (.) can be easily generalized to the Riemann-Liouville fractional forced differential equations of order α ∈ (n-, n] (n ≥ ) with no sign restrictions on coefficients
or more universally equation of the form
where  < σ  < · · · < σ m <  < σ m+ < · · · < n and the functions q k (k = , . . . , n) and the forcing term f have no sign restrictions. When n (n ≥ ) is a positive even integer, we also have corresponding results similar to Corollary .. The reader can easily obtain the formulae of these results.
